ON COMPACTIFICATIONS OF THE STEINBERG 

ZERO-FIBER 



THOMAS HAAHR LYNDERUP AND JESPER FUNCH THOMSEN 

Abstract. Let G be a connected semisimple linear algebraic group 
over an algebraically closed field k of positive characteristic and 
let X denote an equivariant embedding of G. We define a distin- 
guished Steinberg fiber N in G, called the zero-fiber, and prove 
that the closure of N within X is normal and Cohen-Macaulay. 
Furthermore, when X is smooth we prove that the closure of N is 
a local complete intersection. 



1. Introduction 

Let G be a connected semisimple linear algebraic group over an al- 
gebraically closed field k of positive characteristic. The set of elements 
in G with semisimple part within a fixed G-conjugacy class is called 
a Steinberg fiber. Examples of Steinberg fibers include the unipotent 
variety and the conjugacy class of a regular semisimple element. Lately 
there has been some interest in describing the closure of Steinberg fibers 
within equivariant embeddings of the group G (see [He], [H-T], [Spr], 
[T])- 

In this paper we study the closure of a distinguished Steinberg fiber 
N called the Steinberg zero-fiber (see Section 3 for the precise definition 
of N). We will prove that the closure N of N within any equivariant 
embedding X of G will be normal and Cohen-Macaulay. Moreover, 
when X is smooth we will prove that N is a local complete intersection. 
These results will all be proved by Frobenius splitting techniques. As 
a byproduct we find that N has a canonical Frobenius splitting and 
hence the set of global sections of any G-linearized line bundle on N 
will admit a good filtration. 

The presentation in this paper is close to [T] , but the setup is some- 
how opposite. More precisely, in loc.cit. the group G was fixed to be of 
simply connected type while the Steinberg fiber was arbitrary; in the 
present paper the Steinberg fiber is fixed but the semisimple group G 
is of arbitrary type. 

It is worth noticing (see [T]) that for a fixed equivariant embedding 
X of G the boundary F — F of the closure of a Steinberg fiber F in G 
is independent of F. This shows that the results obtained in this paper 
for the rather special Steinberg zero-fiber will provide some knowledge 

about closures of Steinberg fibers in general. E.g. the boundary F — F 

l 
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will always be Frobenius split (see Theorem 8.1). This suggests, that 
the results in this paper may be generalized to arbitrary Steinberg 
fibers. However, we give an example (see Example 8.2) showing that 
this is not always the case. 

2. Notation 

Let G denote a connected semisimple linear algebraic group over an 
algebraically closed field k. The associated groups of simply connected 
and adjoint type will be denoted by G sc and respectively. Let T 
denote a maximal torus in G and let B denote a Borel subgroup of 
G containing T. The associated maximal torus and Borel subgroup in 
C a d (resp. G sc ) will be denoted by T ad and B ad (resp. T sc and B sc ). 

The set of roots associated to T is denoted by R. We define the set 
of positive roots R + to be the nonzero T-weights of the Lie algebra of 
B. The set of simple roots ((Xi)i£i will be indexed by / and will have 
cardinality I. To each simple root <Xi we let Si denote the associated 
simple reflection in the Weyl group W defined by T. The length of 
an element w in W is defined as the number of simple reflections in a 
reduced expression of w. The unique element in W of maximal length 
will be denoted by Wq. 

The weight lattice A(R) of the root system associated to G is iden- 
tified with the character group X*(T SC ) of T sc and contains the set of 
T-characters X*(T). We let a{ , i G /, be the set of simple coroots and 
let (,) denote the pairing between coweights and weights in the root 
system R. A weight A is then dominant if (A, a{) for all i E I. The 
fundamental dominant weight associated to ctj, i <E I, will be denote 
by uji- 

For a dominant weight A G A(R) we let H(A) denote the dual Weyl 
G sc -module with heighest weight A, i.e. containing a 5-semiinvariant 
element of weight A. The Picard group of g /b may be identified 
with the weight lattice A(R) and we let £(A) denote the line bundle 
associated to A G A(R). The line bundle £(A) has a unique G sc - 
linearization so we may regard the set of global sections of £(A) as a 
G sc -module. We assume that the notation is chosen such that the set of 
global sections of £(A) is isomorphic to H(— w X). For A,/i G A(R) we 
denote by £(A, /x) the line bundle £(A) MJC(fi) on the variety g /b x g /b. 

3. Steinberg fibers 

The set of elements g in G with semisimple part g s in a fixed G- 
conjugacy class is called a Steinberg fiber. Any Steinberg fiber is a 
closed irreducible subset of G of codimension I (see [St, Thm.6.11]). 
Examples of Steinberg fibers include the conjugacy classes of regular 
semisimple elements and the unipotent variety; i.e. the set of elements 
with g s equal to the identity element e. 
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When G = G sc is simply connected the Steinberg fibers may also 
be described as genuine fibers of a morphism G sc — > k l . Here the i- 
th coordinate map is given by the G sc -character of the representation 
H(cjj). In this formulation the fiber N sc above (0,0,..., 0) is called 
the Steinberg zero-fiber. When G is arbitrary we define the Steinberg 
zero-fiber N of G to be the image of N sc under the natural morphism 
7r : G sc — > G. 

The structure of the Steinberg zero-fiber is very dependent on the 
characteristic of k. In most cases N is just the conjugacy class of a 
regular semisimple element. At the other extreme we can have that iV 
coincides with the unipotent variety of G. 

Remark 3.1. In the following cases the Steinberg zero-fiber and the 
unipotent variety of G coincide : 

Type A n : when n = p m — 1 (m £ Nj and p = char(/c) > 0. 

Type C n : when n = 2 m — 1 (m 6 NJ and char(/c) = 2. 

Type D n : when n = 2 m (m G N) and char(/c) = 2. 

Type E 6 : when char (A;) = 3. 

Type E 8 .' when char(/c) = 31. 

Type F4: when char(/c) = 13. 

Type G 2 : when char (A;) = 7. 

4. Equivariant Embeddings 

An equivariant embedding of G is a normal G x G- variety containing 
a G x G-invariant open dense subset isomorphic to G in such a way 
that the induced G x G-action on G is by left and right translation. 

4.1. The wonderful compactification. When G = G ad is of adjoint 
type there exists a distinguished equivariant embedding X of G called 
the wonderful compactification (see e.g. [DC-S]). The wonderful com- 
pactification of G is a smooth projective variety with finitely many 
G x G-obits Oj indexed by the subsets J of the simple roots I. We let 
Xj denote the closure of Oj and assume that the index set is chosen 
such that Xj> n Xj = Xj, nJ for all J, J' C I. Then Y := X® is the 
unique closed orbit in X. It is known that Y is isomorphic to g /b x g /b 
as a G x G- variety. 

To each dominant element A in the weight lattice A(R) we let 

: G -> P(End(H(A))), 

denote the G x G-equivariant morphism defined by letting p^ d (e) be 
the element in P(End(H(A))) represented by the identity map on H(A). 
Then it is known (see [DC-S]) that p\ d extends to a morphism X — > 
P(End(H(A))) which we also denote by p^ d . 

Lemma 4.1. Let (resp. u\) denote a nonzero B -stable element in 
H(A) (resp. H(A)* y ) of weight A (resp. —w X). Identify End(H(A)) with 
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H(A) K1H(A)*. Then the restriction o/p^ d to Y ~ g /b x g /b is given by 

pf(gB,g'B) = (g,g')[v+Mut]. 

Proof. It suffices to prove that the only B x 5-invariant element of the 
image of p^ d is [v^ E3 u^]. So let x = [/] denote a B x 5-invariant 
element of the image of represented by an element / G End(H(A)). 
Then / is B x B-semiinvariant and thus when writing / as an element 
of H(A) M H(A)* it will be equal to v x M v for some S-semiinvariant 
element v of H(A)*. 

Let L denote the unique simple submodule of H(A) and let M denote 
the kernel of the associated morphism H(A)* — > L*. Assume that v is 
contained in M. Then every G x G-translate of / is contained in 
the subset L M M consisting of nilpotent endomorphisms. Now we 
apply [B-K, Lemma. 6. 1.4]. It follows that the closure C of the TxT- 
orbit through p^ d (e) will contain an element represented by a nilpotent 
endomorphism. But clearly every element in C will be represented by 
a semisimple endomorphism of H(A). This is a contradiction. 

As a consequence v is not contained in M and therefore its image in 
L* will be a nonzero 5-semiinvariant vector. As a consequence v must 
be a nonzero multiple of u^. □ 

4.2. Toroidal embeddings. Now let G be an arbitrary connected 
semisimple group. An equivariant embedding X of G is called toroidal 
if the natural map 7r a d : G — > G a d extends to a morphism X — > X. In 
the present paper toroidal embeddings will play a central role. This is 
due to the following fact (see [Rit, Prop. 3]) 

Theorem 4.2. Let X be an arbitrary equivariant embedding of G. 
Then there exists a smooth toroidal embedding X' of G and a birational 
projective morphism X' — > X extending the identity map on G. 

An important property of toroidal embeddings is that for each dom- 
inant weight A there exists a G x G-equivariant morphism 

p x : X - P(End(H(A))) 

induced by p^ d . When X is a complete toroidal embedding of G and Y 
is a closed G x G-orbit in X we may describe the restricted mapping 
Y — > P(End(H(A))) using Lemma 4.1. Notice that F maps surjectively 
to Y ~ g /b x g /b and that F is a quotient of G x G. Consequently 
F maps bijectively onto F and hence F must be G x G-equivariantly 
isomorphic to g /b x Moreover 

Lemma 4.3. Let X be a complete toroidal embedding of a connected 
semisimple group G and let Y be a closed G x G- orbit in X . Then Y 
is G x G-equivariantly isomorphic to g /b x g /b and 

Px (gB,g , B)^(g,g')[vt^ui}. 
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Consequently, the pull back of the ample generator 0\(1) of the Picard 
group o/P(End(H(A))) to Y is isomorphic to £(A, —wo\). 

4.3. The dualizing sheaf of equivariant embeddings. Let X be 

a smooth equivariant embedding of G. As G is an affme variety the 
complement X — G of G is of pure codimension 1 in X. Let X±, . . . , X n 
denote the irreducible components of X — G which are then divisors in 
X. Let Di, i — 1, . . . , I, denote the closures of the Bruhat cells BwqSiB 
within X. Then also A is a divisor in X. When X is the wonderful 
compactification X of a group of adjoint type we will also denote Xj 
and Di by Xj and Di respectively. 

Proposition 4.4. [B-K, Prop. 6. 2. 6] The canonical divisor of the smooth 
equivariant embedding X is 

n 

iei j=i 

The line bundle associated to the divisor Di is connected to 

the morphisms p\ as explained by 

Lemma 4.5. Assume that X is a toroidal embedding. Then there exists 
an isomorphism 

£(A)^AC(CW1)), 
such that pIj.{u^. is the canonical section of L(Di). 

Proof. Consider first the case when X is the wonderful compactification 
of G a d. Consider the pull back s a( j := (p^)*(u^. Kl of the global 
section u+ of Wi (l). Then the zero divisor (s a( j)o of s a d is B x B- 
invariant. Thus there exist nonnegative integers a r and bj , for r,j = 
1, . . . , /, such that 

i i 
(sad)o = ^2 a ' rDr + ^2 h i X r 

r=l j=l 

If bj > for some j then s a d vanishes on Y which by Lemma 4.1 is 
a contradiction. Hence, (s a d)o = Y^ r =i a rD r . It is known (see e.g. 
[B-K, Prop. 6.1.11]) that the restriction of L(D,j) to Y is isomorphic 
to £j(ui, —WoUJi), so using using Lemma 4.3 it follows that a« = 1 and 
a r = for r ^ i. This proves the statement when X is the wonderful 
compactification of G a d. 

Consider now an arbitrary toroidal equivariant embedding X of G. 
Let s := {u^Mv^ ) be the pull back of the the global section u+Mv+. 
of Wi (l). Then the zero divisor (s)o of s is B x 5-invariant and by 
the already proved case above we conclude that 

n 

(s) = cDi + ^2d j X j , 

3=1 
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for certain nonnegative integers c > and dj, j = 1, . . . ,n. Assume 
dj > for some j. Then s vanishes on a G x G-stable subset and 
as s is the pull back of s ac j from X to X, we conclude that s a d also 
vanishes on a G x G-stable subset V. But then s a d vanishes on a closed 
G x G-orbit in the closure of V which can only be Y. As above this is 
a contradiction and we conclude that (s) = cA- 

In order to prove that c = 1 we may assume that G = G sc is simply 
connected and that X — G. In this case the statement is well known 
(cf. proof of 6.1.11 in [B-K]). □ 

4.4. Sections of the dualizing sheaf. Let again X be a smooth 
equivariant embedding of G. For each i — 1, . . . , /, there exists a unique 
G sc x G sc -linearization of the line bundle £(A)- The set of global 
sections of £(A) may then be regarded as a G sc x G sc -module. We 
claim 

Proposition 4.6. There exists a G sc x G sc - equivariant morphism 

^ : H^'BH^) -> H°(X,£(A)), 

such that i[>i(u+. ) £/ie canonical section o/£(A)- 

Proof. When X is toroidal this follows by Lemma 4.5. For a general 
smooth embedding X there exists by Zariski's main theorem (cf. proof 
of Prop. 6. 2. 6 [B-K]) an open subset X' of X such that X' is a toroidal 
embedding of G and such that the complement X — X' has codimension 
> 2 in X. As the statement is invariant under replacing X with X' 
the result now follows. □ 

4.4.1. The complete toroidal case. When X is a complete toroidal em- 
bedding of G we may even give more structure to the map ipi given in 
Proposition 4.6. To this end, let Y denote a closed G x G-orbit in X 
and consider the restriction map 

i\ Y : H° (X, L{ A)) - H° (Y, £ (A) \y) ■ 

By Lemma 4.3 and Lemma 4.5 it follows that £(A)|y — —WouOi). 
Consequently, there exists a G sc x G sc -equivariant isomorphism 

H°(F,£(A)|y) ^ H(-^)SH( Wj ). 
By Lemma 4.3 the composition of i* Y with ^ is nonzero and hence we 
obtain a commutative G sc x G sc -equivariant diagram 

H(uiY M H(ui) H°(X, L(A)) 

H(- W i) ^ H(^) H(y, £(A)|r) 

where the left vertical map is defined by some nonzero G sc -equivariant 
map H(cjj)* — > H(— w cjj). Notice that by Frobenius reciprocity the 
map H(c<jj)* — > H(— wqWj) is defined uniquely up to a nonzero constant. 



ON COMPACTIFICATIONS OF THE STEINBERG ZERO-FIBER 



7 



5. Frobenius Splitting 

In this section we collect a number of facts from the theory of Frobe- 
nius splitting. The presentation will be sketchy only stating the results 
which we will need. For a more thorough, and closely related, presen- 
tation we refer to [T]. 

5.1. Frobenius splitting. Let X denote a scheme of finite type over 
an algebraically closed field k of characteristic p > 0. The absolute 
Frobenius morphism on X is the morphism F : X — > X of schemes, 
which is the identity on the set of points and where the associated map 
of sheaves 

F« : O x - F,0 X 

is the p-th power map. We say that X is Frobenius split (or just F- 
split) if there exists a morphism s G Homo x (F*Q x , Ox) such that the 
composition s o F" is the identity map on Ox- 

5.2. Stable Frobenius splittings along divisors. Let D denote an 
effective Cartier divisor on X with associated line bundle Ox(-D) and 
canonical section We say that X is stably Frobenius split along D 
if there exists a positive integer e and a morphism 

seRom 0x (F:O x (D),O x ), 

such that s(a D ) = 1. In this case we say that s is a stable Frobenius 
splitting of X along D of degree e. Notice that X is Frobenius split 
exactly when there exists a stable Frobenius splitting of X along the 
zero divisor D — 0. 

Remark 5.1. Consider an element s e Hom 0x (F ! fOx(-D), Ox)- TTien 
£/ie condition s(o~d) = 1 on s for it to define a stable Frobenius splitting 
of X, may be checked on any open dense subset of X . 

5.3. Subdivisors. Let D' < D denote an effective Cartier subdivisor 
and let s be a stable Frobenius splitting of X along D of degree e. The 
composition of s with the map 

FtO x {D') - F:O x (D), 

defined by the canonical section of the divisor D — D', is then a stable 
Frobenius splitting of X along D' of degree e. Applying this to the case 
D' — it follows that if X is stably Frobenius split along any effective 
divisor D then X is also Frobenius split. 

5.4. Compatibly split subschemes. Let Y denote a closed sub- 
scheme of X with sheaf of ideals 3y- When 

seRom 0x (F:Q x (D),Q x ) 

is a stable Frobenius splitting of X along D we say that s compatibly 
Frobenius splits Y if the following conditions are satisfied 
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(1) The support of D does not contain any of the irreducible com- 
ponents of Y. 

(2) s{F^y®O x {D))) C3 Y . 

When s compatibly Frobenius splits Y there exists an induced stable 
Frobenius splitting of Y along D D Y of degree e. 

Lemma 5.2. Let s denote a stable Frobenius splitting of X along D 
which compatibly Frobenius splits a closed subscheme Y of X . If D' < 
D then the induced stable Frobenius splitting of X along D' , defined in 
Section 5.3, compatibly Frobenius splits Y . 

Lemma 5.3. Let D\ and D 2 denote effective Cartier divisors. If s\ 
(resp. s 2 ) is a stable Frobenius splitting of X along D\ (resp. D 2 ) of 
degree e\ (resp. e 2 ) which compatibly splits a closed subscheme Y of 
X, then there exists a stable Frobenius splitting of X along D\ + D 2 of 
degree e\ + e 2 which compatibly splits Y . 

Lemma 5.4. Let s denote a stable Frobenius splitting of X along an 
effective divisor D . Then 

(1) If s compatibly Frobenius splits a closed subscheme Y of X then 
Y is reduced and each irreducible component of Y is also com- 
patibly Frobenius split by s. 

(2) Assume that s compatibly Frobenius splits closed subschemes 
Y\ and Y 2 and that the support of D does not contain any of 
the irreducible components of the scheme theoretic intersection 
Yi fl Y 2 . Then s compatibly Frobenius splits Y\ n Y 2 . 

The following statement relates stable Frobenius splitting along di- 
visors to compatibly Frobenius splitting. 

Lemma 5.5. Let D and D' denote effective Cartier divisors and let s 
denote a stable Frobenius splitting of X along (p — l)D + D' of degree 1. 
Then there exists a stable Frobenius splitting of X along D' of degree 1 
which compatibly splits the closed subscheme defined by D. 

5.5. Cohomology and Frobenius splitting. The notion of Frobe- 
nius splitting is particular useful in connection with proving higher 
cohomology vanishing for line bundles. We will need 

Lemma 5.6. Let s denote a stable Frobenius splitting of X along D of 
degree e and let Y denote a closed compatibly Frobenius split subscheme 
of X . Then for every line bundle L on X and every integer i there exists 
an inclusion 

W(X,3 Y ®L) C W(X,3 Y ®&° ®Gx(D)), 

of abelian groups. In particular, when X is projective, L is globally 
generated and D is ample then the group H l (X, Jy <g> L) is zero for 
i > 0. 
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5.6. Push forward. Let / : X — > X' denote a proper morphism of 
schemes and assume that the induced map Ox 1 f*Ox is an isomor- 
phism. Then every Frobenius splitting of X induces, by application 
of the functor /*, a Frobenius splitting of X'. Moreover, when Y is a 
compatibly Frobenius split subscheme of X then the induced Frobenius 
splitting of X' compatibly splits the scheme theoretic image f(Y) (see 
[M-R, Prop. 4]). We will need the following connected statement. 

Lemma 5.7. Let f : X — > X' denote a morphism of projective schemes 
such that Qx> — > f*Ox is an isomorphism. Let Y be a closed subscheme 
of X and denote by Y' the scheme theoretic image f(Y). Assume that 
there exists a stable Frobenius splitting of X along an ample divisor 
D which compatibly splits Y . Then /*0y = Oy and R*/*Oy = for 
i > 0. 

5.7. Frobenius splitting of smooth varieties. When X is a smooth 
variety there exists a canonical Ox-linear identification (see e.g. [B-K, 
§1.3.7]) 

F*c4~ p ~ Hom 0x (F*O x , Ox). 

Hence, a Frobenius splitting of X may be identified with a global sec- 
tion of oj x ~ p with certain properties. A global section r of which 
corresponds to a Frobenius splitting up to a nonzero constant will be 
called a Frobenius splitting section. 

Lemma 5.8. Let t be a Frobenius splitting section of a smooth variety 
X. Then there exists a stable Frobenius splitting of X of degree 1 along 
the Cartier divisor defined by r. In particular, ifr = f p_1 is a (p-l)-th 
power of a global section f of uj x x , then X is Frobenius split compatibly 
with the zero divisor of r. 

5.8. Frobenius splitting of g /b. The flag variety X = g /b is a 
smooth variety with dualizing sheaf Ux = £>(— 2p) where p is a dom- 
inant weight defined as half of the sum of the positive roots. Let 
St := H((p — l)p) denote the Steinberg module of G sc and consider the 
multiplication map 

m G/B : St <g> St -> H(2(p - l)p) ~ H°(g/b,^ b p ). 

The Steinberg module St is an irreducible selfdual G sc -module and 
hence there exists a unique (up to nonzero scalars) nondegenerate G sc - 
invariant bilinear form 

4>g/ b '■ St <S> St — > k. 
Then (see [L-T, Thm.2.3]) 

Theorem 5.9. Let t be an element in St (8) St. Then <pG/ B {t) is a 
Frobenius splitting section of G /B if and only if (f>G/ B (t) is nonzero. 
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6. F-SPLITTING OF SMOOTH EQUIVARIANT EMBEDDINGS 

Let X denote a smooth equivariant embedding of G. Define S to be 
the G sc x G sc -module 

JL / \®(p-i) 

i=i 

By Proposition 4.6 there exists a G sc x G sc -equivariant morphism 

i 

4> x :S^R (x,fL{( P -l)J2Di)). 

i=i 

defined as the (p— l)-th product of the ^'s. Let <7j denote the canonical 
section of £(X,), for j — 1, . . . , n, and define for s,t G S the section 

n 

i=l 

of the line bundle lo]^ p on X. Notice that if X' is an equivariant 
embedding of G which moreover is an open subset of X, then the 
restriction of ^x(s, t) to X' is equal to ^x'(s,t). The main result 
Theorem 6.4 in this section describes when ^x(s,t) is a Frobenius 
splitting section of the smooth embedding X. 

6.1. F-splitting smooth complete toroidal embeddings. Con- 
sider a smooth complete toroidal embedding X of G and choose a 
closed G x G-orbit Y in X. By Lemma 4.3 we may identify Y with 
g /b x g /b and under this isomorphism the restriction of £(-Dj) to V 
corresponds to £(cjj, — WqUi). In particular, restricting to Y induces a 
map 

i\ Y : H° £ (2(p - 1) £ A) ) - H° (V, . 

i=i 

This leads to the following result which also explains the standard way 
of Frobenius splitting X (cf. proof of Thm.6.2.7 [B-K]) 

Lemma 6.1. Let X denote a smooth complete toroidal embedding of 
G and let Y denote a closed G x G -orbit in X . Let s and t be elements 
of S. Then ^/ x ( s ,t) is « Frobenius splitting section of X if and only 
if the restriction of ipx(s)ipx(t) to Y is a Frobenius splitting section of 
Y. 

In order to control the restriction of ip x{s)^ [ x(t) to Y we use Section 
4.4.1. It follows that we have a commutative G sc x G sc -equivariant 
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diagram with nonzero maps 

5 — Ho(x,£(b-i)E! =1 A)) 
stiast ^h (f,4- p)/2 ) 

where St = H((p — denotes the Steinberg module of G sc . Using 
the G sc x G sc - invariant form 0g/ bx g/ s on St Kl St we may define a similar 
form on S by 

(/> : S ® S —> k, 
s<g>t^ <f>G/ BxG / B (r)(s) <g> 7)(t)) 

Notice that S and the G sc x G sc -invariant form <fi is defined without 
the help of X. In particular, S and does not depend on X. Now by 
Lemma 6.1 and Theorem 5.9 we find 

Proposition 6.2. Let the notation be as above and let s and t be 

elements of S. Then ^/ x (s,t) is a Frobenius splitting section of X if 
and only if <f>(s <S> t) is nonzero. 

6.2. Frobenius splitting G. By restricting the statement of Propo- 
sition 6.2 to G we find 

Corollary 6.3. Let s and t be elements of S. Then 

is a Frobenius splitting section of G if and only if <j)(s <E> t) is nonzero. 

Proof. Choose a smooth complete toroidal embedding X of G and con- 
sider ^x(s,t). Remember that checking whether ^x{s,t) is a Frobe- 
nius splitting section of X may be done on the open subset G (see 
Remark 5.1). Now apply Proposition 6.2. □ 

6.3. Frobenius splitting smooth equivariant embeddings. We 

can now prove that main result of this section. 

Theorem 6.4. Let X denote an arbitrary smooth embedding of G and 
let s and t be elements of S. Then ^x(s,t) is a Frobenius splitting 
section of X if and only if (p(s <E> t) is nonzero. 

Proof. That ^x(s,t) is a Frobenius splitting section may be checked 
on the open subset G. Now apply Corollary 6.3. □ 

In the following statement £«, % = 1, . . . , I, denotes the identity 
map in End(H(cjj)*) ~ H(cjj)* IE H(cjj). Notice that as an element 
of End(H(cjj))* the element U is just the trace map on End(H(cjj)). We 
also fix a nonzero weight vector u~ of H^)* of weight —uji. 
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Corollary 6.5. The global section 

«=i «=i j=i 

of u>l~ p is a Frobenius splitting section of X. 
Proof. It suffices by Theorem 6.4 to prove that 

i=l i=l 

is nonzero. The image of (g)' =1 tf in StBSt coincides with a nonzero 
diag(G)-invariant element va- Moreover, the image of the element 
®'=i( u Jj Eu+)®( p-1 ) in St l£] St equals i;_ for some nonzero weight 
vectors v + and i>_ in St of weight (p — l)p and — (p — l)p respectively. 
Thus, we have to show that 4>g/ bx g/ b (va <8> (v~ Kl v+)) is nonzero. But 
by weight consideration this is clearly the case. □ 

7. Consequences in the smooth case 

In this section we collect a number of consequences of the results in 
Section 6 and the following Lemma 7.1. Notice that when / is a global 
section of a line bundle £ on a variety X, then we may regard / as an 
element in the local rings Ox,x at points x & X. This identification is 
unique up to units in 0x, x - Using this identification we may now state 

Lemma 7.1. Let X denote a smooth variety with dualizing sheaf ux 
and let &i, ... ,Ln denote a collection of line bundles on X such that 
<S>iLi^>i — ^x 1 ■ Let fi, i = 1,...,N, denote a global section of Li 
and assume that YliLi fi' 1 > considered as a global section of uj X ^ v , is a 
Frobenius splitting section of X . Choose a sequence 1 < i\, . . . , i r < N 
of pairwise distinct integers. Then 

(1) The sequence f it , . . . , f ir forms a regular sequence in the local 
ring 0x, x at a point x contained in the common zero set of 

fix i ■ ■ ■ 1 fir • 

(2) The common zero set of f^, . . . , fo r has pure codimension r. 

Proof. As all statements are local we may assume that X is affine and 
that ux and £i, . . . ,L N are all trivial. Hence, the elements f±, . . . , fx 
are just regular global functions on X. Moreover, by assumption there 
exists a function r : F*k{X] — > k[X] such that r(a p (/i • • • fxY^ 1 ) = a, 
for all global regular functions a G k[X]. 

Let i be a common zero of , . . . , fi r and assume that we have a 
relation of the form Yll=i a sfi s = f° r certain elements a s in Ox,x- 
In particular, the product a P j{f\ • • • fxY" 1 is contained in the ideal 
(IT fi: .)»f 0x, x and hence 

aj = T(a p j (f 1 .--f N y- 1 )e(f h ,...,f ij _ 1 ). 
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This proves (1). Now (2) follows as a direct consequence of (1). □ 

We can now prove the first of our main results 

Corollary 7.2. Let X be a smooth equivariant embedding of G and let 
N denote the closure of the Steinberg zero-fiber in X. Then 

(1) N coincides with the scheme theoretic intersection of the zero 
sets of U, i — 1, . . . ,1. In particular, N is a local complete 
intersection. 

(2) N is normal, Gorenstein and Cohen-Macaulay. 

(3) The dualizing sheaf of N is isomorphic to the restriction of the 

line bundle := £( — Y^i=i( w o, 1)A ~~ Sj=i -^-j) t° N ■ 

Proof. Consider the Frobenius splitting section of X defined in Corol- 
lary 6.5. By Lemma 5.8 and Lemma 5.4 the scheme theoretic intersec- 
tion C of ti, i — 1, . . . , I, is a reduced scheme. Moreover, by Lemma 
7.1 each component of C has codimension I and will intersect the open 
locus G (else, by Lemma 7.1, such a component would have codimen- 
sion > / + 1). We conclude that C n G is dense in C and that C is 
a local complete intersection. But clearly (see remark above Corollary 
6.5) CnG coincides with the Steinberg zero-fiber N, and thus C must 
be equal to the closure N. This proves (1). 

To prove (2) it then suffices to show that N is regular in codimension 
1. Let Z denote a component of the singular locus of N. If Z n G ^ 
then the codimension of Z is > 2 as iV is normal by [St, Thm.6.11]. 
So assume that Z is contained in a boundary component Xj. Now, by 
Lemma 5.8 the scheme theoretic intersection NdXj is reduced. Hence, 
as Xj is a Cartier divisor, every smooth point of NC\Xj is also a smooth 
point of N. In particular, Z is properly contained in a component of 
N n Xj. But the variety N n Xj has pure codimension 1 in TV which 
ends the proof of (2). 

Statement (3) follows by (1) and the description of the dualizing 
sheaf of X in Proposition 4.4. □ 

7.1. Stable Frobenius splittings along divisors. 

Proposition 7.3. Let X be a smooth equivariant embedding of G. 
Then there exists a stable Frobenius splitting of X along the divisor 

n I 

(p-i)(^x, + ^K,i)a) 

j=i i=i 

of degree 1 which compatibly Frobenius splits the closure N of the Stein- 
berg zero-fiber. 

Proof. Let r denote the Frobenius splitting section of Corollary 6.5. 
By Lemma 5.8, Lemma 5.5 and Lemma 4.6 we know that r defines a 
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degree 1 stable Frobenius splitting of X along the divisor 

n i 

(p-i)(^x, + ^k,i)a), 

3=1 i=l 

which compatibly Frobenius splits the zero divisor of n!=i 4>i{ti)- Now 
apply Lemma 5.4(2), Corollary 7.2 and Lemma 7.1. □ 

Corollary 7.4. Let X denote a projective smooth equivariant embed- 
ding of G. Then there exists a stable Frobenius splitting of X along an 
ample divisor with support X — G which compatibly Frobenius splits the 
subvariety N . 

Proof. By Proposition 7.3 and Lemma 5.2 there exists a stable Frobe- 
nius splitting of X along the divisor X^=i Xj which compatibly splits 
N. Applying Lemma 5.2 and Lemma 5.3 it suffices to show that there 
exist positive integers Cj > such that YTj=i c jXj is ample. This fol- 
lows from [B-T, Prop.4.1(2)]. □ 

This has the following implications for resolutions 

Corollary 7.5. Let X be a projective equivariant embedding of G and 
let f : X' — > X be a projective resolution of X by a smooth projective 
equivariant G-embedding X' . Denote by N' (resp. N) the closure of 
the Steinberg zero-fiber within X' (resp. X). Then 

(i) f m Q x , = Q x and R'f.Gx' = for i > 0. (cf. [Rit, pf. of Cor.2]J 

(ii) /*(V = ®n and R%Qjf, = for i > 0. 

Proof. As X' is normal and / is birational it follows from Zariski's 
main theorem that f*Qx = Ox'- Hence, by Lemma 5.7 it suffices to 
prove that there exists a stable Frobenius splitting of X along an ample 
divisor which compatibly Frobenius splits N. Now apply Corollary 7.4. 

□ 

8. Frobenius splitting N for general embeddings 

In this section X will denote an arbitrary equivariant embedding of 
G and N will denote the closure of the Steinberg zero-fiber in X. 

Theorem 8.1. There exists a Frobenius splitting of X which simul- 
taneously compatibly splits the closed subvarieties N, (wq, l)Di,Xj, for 
% — 1, . . . , I and j — 1, . . . , n. 

Proof. By Theorem 4.2 we may find a projective resolution / : X' — > X 
by a smooth toroidal embedding X' of G. By Zariski's Main Theorem, 
f*Qx' = Ox- Thus, by [M-R, Prop. 4] (cf. section 5.6) we can reduce 
to the case where X is smooth. Now apply Corollary 6.5, Lemma 5.8, 
Lemma 5.4, Lemma 4.6 and Corollary 7.2 in the given order. □ 
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Example 8.2. Consider the group G = PSL 2 (k) over a field k of 
positive characteristic different from 2. Then the wonderful compacti- 
fication X of G may be identified with the projectivization of the set of 
2 x 2-matrices with entries in k. Denote the homogeneous coordinates 
in X by a, b, c and d. Then the closure IX of the unipotent variety It 
of G within X, is defined by the polynomial / = (a + d) 2 — A(ad — be). 
Moreover, the boundary is defined by the polynomial g = (ad — be). 
In particular, the ideal generated by / and g is not reduced and, as a 
consequence, the boundary X — G and the closure II cannot be com- 
patibly Frobenius split at the same time. When k has characteristic 2 
the unipotent variety U coincides with the Steinberg zero-fiber. In this 
case the polynomial defining IL is given by / = a + d and we do not see 
a similar problem. 

Remark 8.3. W. van der Kallen and T. Springer has informed us that 
they have proved Theorem 8.1 in case X is the wonderful compactifica- 
tion of a group of adjoint type. Their proof proceeds by descending the 
Frobenius splitting results in [T] to the wonderful compactification. 

We can also prove a vanishing result for line bundles on N : 

Proposition 8.4. Let X denote a projective equivariant G- embedding 
and let £ (resp. JA.) denote a globally generated line bundle on X (resp. 
N). Then 

ff(X, L) = ff(iV, M) = 0, i > 0. 
Moreover, the restriction map 

H°(X,£) -> B°{N,L), 

is surjective. 

Proof. By Corollary 7.5 we may assume that X is smooth. Now apply 
Corollary 7.4 and the "in particular" part of Lemma 5.6. □ 

8.1. Canonical Frobenius splittings of X. A Frobenius splitting 
s : F*Qz — > Oz °f a -B-variety Z is a T-invariant Frobenius splitting 
such that the action of a root subgroup of G associated to the simple 
root aij, is of the form 

p-i 

x aX c ) s = ^ ] c? ' s j) 
J'=l 

for certain morphisms Sj : F*Qz — > Oz and all c G k. 

As a subset of X the closure is invariant under the diagonal action 
of G. In particular, N is invariant under diag(-B) and we claim 

Lemma 8.5. The variety N is canonical Frobenius split with respect 
to the action o/ diag(£>). 
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Proof. It suffices to prove that X has a diag(£?)-canonical splitting 
which compatibly splits N. Moreover, by Theorem 4.2 we may assume 
that X is smooth. By the proof of Corollary 7.2 it then suffices to 
prove that the Frobenius splitting section of Corollary 6.5 is canonical. 

As ip*(ti) and <x,- are diag(G)-invariant we may concentrate on the 
diag(T)-invariant factors ip*(u~. ®v+). The statement follows now as 

Zey(c).uJ = U+, 

for certain elements Uij G H(— w Ui)*. □ 

As a consequence we have (see [B-K, Thm.4.2.13]) 

Proposition 8.6. Let L denote a G sc -linearized line bundle on N. 
Then the G sc -module H°(A, £) admits a good filtration, i.e. there exists 
a filtration by G sc -modules 

= M° C M 1 C M 2 C • • • C H°(A, £), 

such that H°(A, L) = UjM* and satisfying that the successive quotients 
M- 7+1 /M J are isomorphic to modules of the form H(Aj) for certain 
dominant weights Xj. 

9. Geometric properties of N 

Let X be an arbitrary equivariant G-embedding. When X is smooth 
we have seen that is normal and Cohen-Macaulay. In this section we 
will extend these two properties to arbitrary equivariant embeddings. 

The following result is due to G. Kempf although the version stated 
here is taken from [B-P, §7] : 

Lemma 9.1. Let f : Z' — > Z denote a proper map of algebraic schemes 
satisfying that f*Qz' — Oz ari <d R*/*Oz' = fori > 0. If Z' is Cohen- 
Macaulay with dualizing sheaf u)z> and if R l /*<^z' = for i > 0, then 
Z is Cohen-Macaulay with dualizing sheaf f*ujz> ■ 

We will also need the following result due to V. Mehta and W. van 
der Kallen ([M-vdK, Thm.1.1]): 

Lemma 9.2. Let f : Z' — > Z denote a proper morphism of schemes 
and let V (resp. V) denote a closed subscheme of Z' (resp. Z). By 
3v> we denote the sheaf of ideals ofV. Fix an integer i and assume 

(1) r\v)QV. 

(2) TUf^yi vanishes outside V . 

(3) V is compatibly F-split in Z' . 

Then R7*V = 0. 



We are ready to prove 
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Theorem 9.3. Let X denote an arbitrary equivariant G- embedding. 
Then the closure N of the Steinberg zero- fiber in X is normal and 
Cohen- Macaulay. 

Proof. Any equivariant embedding has an open cover by open equi- 
variant subsets of projective equivariant embeddings (see e.g. proof of 
[B-K] Corollary 6.2.8). This reduces the statement to the case where 
X is projective. Choose a projective resolution / : X' — > X of X by 
a smooth equivariant embedding X' . By Corollary 7.5 we know that 
f*0 N , = Or an d applying Corollary 7.2 this implies that N is normal. 

In order to show that N is Cohen-Macaulay we apply the above 
Lemma 9.1 and Lemma 9.2. By Corollary 7.5 it suffices to prove that 
R l f*cu N , — 0, i > 0, where cu N , is the dualizing sheaf of N'. By Corollary 
7.2 the dualizing sheaf ui N , is isomorphic to the restriction of L N , to 
N' . Let s' denote the canonical section of the line bundle £>^j on 
X' and let V denote the intersection of N' with the zero divisor of s' . 
Combining Proposition 7.3 and Lemma 5.5 we find that N' is Frobenius 
split compatibly with the closed subscheme V. Moreover, / : N' — > N 
is an isomorphism above the open subset N and 

f-\N\N) C V. 

Hence, by Lemma 9.2 we conclude R ? /*Jy = for i > 0. But 3y' is 
isomorphic to the restriction of fL N , to TV'. □ 
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